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Abstract. A first order Vassiliev invariant of an oriented knot in an S^- 
fibration and a Seifert fibration over a surface is constructed. It takes values 
in a quotient of the group ring of the first homology group of the total space 
of the fibration. It gives rise to an invariant of wave fronts on surfaces and 
pH ' orbifolds related to the Bennequin-type invariants of the Legendrian curves 

studied by F. Aicardi, V. Arnold, M. Polyak, and S. Tabachnikov. Formulas 
expressing these relations are presented. 
r~| i We also calculate Turaev's shadow for the Legendrian lifting of a wave 

front. This allows to use in the case of wave fronts all invariants known for 
shadows. 



Most of the proofs in this paper are postponed until the last section. 
Everywhere in this text an S'^-fibration is a locally-trivial fibration with fibers 
homeomorphic to 5^. 

In this paper the multiplicative notation for the operation in the first homology 

group is used. The zero homology class is denoted by e. The reason for this is 

^S I that we have to deal with the integer group ring of the first homology group. For 

0^ ' a group G the group of all formal half-integer linear combinations of elements of G 

0> ; is denoted by iZ[G]. 

r~| ■ We work in the differential category. 

I am deeply grateful to Gleg Viro for the inspiration of this work and many 

a enlightening discussions. I am thankful to Francesca Aicardi, Thomas Fiedler, and 

Michael Polyak for the valuable discussions. 



1. Introduction 



S 
> 

X. 

3 . In 1^ Polyak suggested a quantization Zg(L) G iZ[g,q -'^J of the Bcnnequin invari- 

ant of a generic cooriented oriented wave front L C M^ . In this paper we construct 
an invariant S{L) which is, in a sense, a generalization of lq{L) to the case of a 
wave front on an arbitrary surface F. 

In the same paper ||] Polyak introduced Arnold's [^ J+-type invariant of a 
front L on an oriented surface F. It takes values in Hi{ST*F, ^Z). We show that 
S{L) G ■iZ[iJi(5r*F)] is a refinement of this invariant in the sense that it is taken 
to Polyak's invariant under the natural mapping ^Z[Hi{ST*F)] -> Hi{ST*F, \%). 

Further we generalize S{V) to the case where L is a wave front on an orbifold. 

Invariant S{V) is constructed in two steps. The first one consists in lifting of 
L to the Legendrian knot A in the S'^-fibration tt : ST*F -^ F. The second step 
can be applied to any knot in an S'^-fibration, and it involves the structure of the 
fibration in a crucial way. This step allows us to define the Sk invariant of a knot 
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K in the total space N of an S'^-fibration. Since ordinary knots are considered up 
to a rougher equivalence relation (ordinary isotopy versus Legendrian isotopy), in 
order for Sk to be well defined it has to take values in a quotient of Z[Hi{N)]. 
This invariant is generalized to the case of a knot in a Seifert fibration, and this 
allows us to define S{L) for wave fronts on orbifolds. 

All these invariants are Vassiliev invariants of order one in an appropriate sense. 

For each of these invariants we introduce its version with values in the group of 
formal linear combinations of the free homotopy classes of oriented curves in the 
total space of the corresponding fibration. 

The first invariants of this kind were constructed by Fiedler 0] in the case of 
a knot _ftr in a M^-fibration over a surface and by Aicardi in the case of a generic 
oriented cooriented wave front L C M^. The connection between these invariants 
and Sk is discussed in p. 

The space ST*F is naturally fibered over a surface F with a fiber 5'^. In [Q Tu- 
raev introduced a shadow description of a knot K in an oriented three dimensional 
manifold N fibered over an oriented surface with a fiber S^. A shadow presentation 
of a knot K is a generic projection of K, together with an assignment of numbers 
to regions. It describes a knot type modulo a natural action of Hi{F). It appeared 
to be a very useful tool. Many invariants of knots in S'^-fibrations, in particular 
quantum state sums, can be expressed as state sums for their shadows. In this 
paper we construct shadows of Legendrian liftings of wave fronts. This allows one 
to use any invariant already known for shadows in the case of wave fronts. 

However, in this paper shadows are used mainly for the purpose of depicting 
knots in S'^-fibrations. 

2. Shadows 

2.1. Preliminary constructions. We say that a one-dimensional submanifold L 
of a total space N^ of a fibration tt : N^ — > F^ is generic with respect to w if tt L is 
a generic immersion. Recall that an immersion of 1-manifold into a surface is said 
to be generic if it has neither self-intersection points with multiplicity greater than 
2 nor self-tangency points, and at each double point its branches are transversal to 
each other. An immersion of (a circle) S^ to a surface is called a curve. 

Let TT be an oriented S'-'^-fibration of TV over an oriented closed surface F. 

N admits a fixed point free involution which preserves fibers. Let N be the 
quotient of A^ by this involution, and let p : A^ ^ iV be the corresponding double 
covering. Each fiber of p (a pair of antipodal points) is contained in a fiber of tt. 
Therefore, tt factorizes through p and we have a fibration n : N ^ F. Fibers of tt 
are projective lines. They are homeomorphic to circles. 

An isotopy of a link L C N is said to be vertical with respect to tt if each point 
of L moves along a fiber of tt. It is clear that if two links are vertically isotopic, 
then their projections coincide. Using vertical isotopy we can modify each generic 
link L in such a way that any two points of L belonging to the same fiber lie in the 
same orbit of the involution. Denote the obtained generic link by L'. 

Let L = p{L'). It is obtained from L' by gluing together points lying over the 
same point of F. Hence tt maps L bijectively to tt{L) = 7r(i'). Let r : tt{L) -^ L 
be an inverse bijection. It is a section of tt over tt{L). 

For a generic non-empty collection of curves on a surface by a region we mean 
the closure of a connected component of the complement of this collection. Let X 
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be a region for 7r(L) on F. Then tt is a trivial fibration. Hence we can identify it 
with the projection S^ x X -^ X . Let be a composition of the section r\„ with 
the projection to S^. It maps dX to S^. Denote by ax the degree of (j). (This is 
actuaUy an obstruction to an extension of r L^ to X.) One can see that ax does 
not depend on the choice of the triviahzation of tt and on the choice of U . 

2.2. Basic definitions and properties. 

Definition 2.2.1. The number ^ax corresponding to a region X is called the 
gleam of X and is denoted by g\{X). A shadow s{L) of a generic link L C N is a 
(generic) collection of curves 7r(L) C F with the gleams assigned to each region X. 
The sum of gleams over all regions is said to be the total gleam of the shadow. 

2.2.2. One can check that for any region X the integer ax is congruent modulo 2 
to the number of corners of X. Therefore, gl(X) is an integer if the region X has 
even number of corners and half-integer otherwise. 

2.2.3. The total gleam of the shadow is equal to the Eulcr number of tt. 

Definition 2.2.4. A shadow on i^ is a generic collection of curves together with 
the numbers gl(Ar) assigned to each region X. These numbers can be either integers 
or half- integers, and they should satisfy the conditions of 2.2.2| and 2.2.3| . 



There are three local moves 81,82, and 83 of shadows shown in Figure |l]. They 
are similar to the well-known Riedemeister moves of planar knot diagrams. 

Definition 2.2.5. Two shadows are said to be shadow equivalent if they can be 
transformed to each other by a finite sequence of moves Si, 82, 83, and their inverses. 

2.2.6. There are two more important shadow moves Si and S3 shown in Figure 0. 
They are similar to the previous versions of the first and the third Riedemeister 
moves and can be expressed in terms of Si, 82, S3, and their inverses. 

2.2.7. In jl^l the action of Hi{F) on the set of all isotopy types of links in N is 
constructed as follows. Let L be a generic link in N and f3 an oriented (possibly 
self- intersecting) curve on F presenting a homology class [(3] £ Hi (F) . Deforming 
(3 we can assume that /3 intersects tt{K) transversally at a finite number of points 
different from the self-intersection points of Tr{K). Denote by a = [a,b] a small 
segment of L such that 7r(a) contains exactly one intersection point c of tt{L) and 
p. Assume that 7r(a) lies to the left, and 7r(6) to the right of (3. Replace a by the 
arc a' shown in Figure 0. We will call this transformation of L a fiber fusion over 
the point c. After we apply fiber fusion to L over all points of tt{L) n (3 we get a 
new generic link L' with Tr{L) — tt{L'). One can notice that the shadows of K and 
K' coincide. Indeed, each time (3 enters a region X of s{L), it must leave it. Hence 
the contributions of the newly inserted arcs to the gleam of X cancel out. Thus 
links belonging to one _ffi(_F)-orbit always produce the same shadow-link on F. 

Theorem 2.2.8 (Turaev llQ]). Let N be an oriented closed manifold, F an ori- 
ented surface, and tt : N —^ F an 8^ -fibration with the Euler number x{'^)- The 
mapping that associates to each link L C N its shadow equivalence class on F es- 
tablishes a bijective correspondence between the set of isotopy types of links in N 
modulo the action of Hi{F) and the set of all shadow equivalence classes on F with 
the total gleam x(^)- 
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Figure 1. 
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Figure 2. 




Figure 3. 



2.2.9. It is easy to see that all links whose projections represent S Hi{F) and 
whose shadows coincide are homologous to each other. To prove this, one looks at 
the description of a fiber fusion and notices that to each fiber fusion where we add a 
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positive fiber corresponds another where we add a negative one. Thus the numbers 
of positively and negatively oriented fibers we add are equal, and they cancel out. 



2.2.10. As it was re marked in [|I^ it is easy to transfer the construction of shadows 
and Theorem ^.2.8 to the case where i^ is a non-closed oriented surface and N is 
an oriented manifold. In order to define the gleams of the regions that have a non- 
compact closure or contain components of dF, we have to choose a section of the 
fibration over all boundary components and ends of F. In the case of non-closed 
F the total gleam of the shadow is equal to the obstruction to the extension of the 
section to the entire surface. 



3. Invariants of knots in 5'^-fibrations. 

3.1. Main constructions. In this section we deal with knots in an S'^^-fibration 
TT of an oriented three-dimensional manifold N over an oriented surface F. We do 



not assume F and N to be closed. As it was said in 2.2.10 , all theorems from the 
previous section are applicable in this case. 

Definition 3.1.1 (of 5^). Orientations of N and F determine an orientation of 
a fiber of the fibration. Denote by / e Hi{N) the homology class of a positively 
oriented fiber. 

Let K C N he an oriented knot which is generic with respect to tt. Let u be a 
double point of tt{K). The fiber 7r~^(w) divides K into two arcs that inherit the 
orientation from K. Complete each arc of K to an oriented knot by adding the arc 
of TT^^{v) such that the orientations of these two arcs define an orientation of their 
union. The orientations of F and Tr{K) allow one to identify a small neighborhood 
oi V in F with a model picture shown in Figure ^. Denote the knots obtained by 
the operation above by ^^ and ii~ as shown in Figure ^. We will often call this 
construction a splitting of K (with respect to the orientation of K) . 

This splitting can be described in terms of shadows as follows. Note that /x+ 
and /ij are not in general position. We slightly deform them in a neighborhood of 
7r~^(w), so that 7r(/i+) and 7r(/i+) do not have double points in the neighborhood 
of V. Let P be a neighborhood oi v in F homeomorphic to a closed disk. Fix 
a section over dP such that the intersection points of K n ii^^{dP) belong to 
the section. Inside P we can construct Turaev's shadow (see 2.2.10| ). The action 
of Hi{\niP) = e on the set of the isotopy types of links is trivial. Thus the 
part of K can be reconstructed in the unique way (up to an isotopy fixed on dP) 
from the shadow over P (see 2.2.101 ). The shadows for /i+ and /i^ are shown in 
Figures Ha and Hb respectively. 
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Figure 4. 
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Regions for the shadows s(/ij) and s{fJ-y) are, in fact, unions of regions for s{K). 
One should think of gleams as of measure, so that the gleam of a region is the sum 
of all numbers inside. 

Let H be the quotient of the group ring 'E[Hi{N)] (viewed as a Z-module) by 
the submodule generated by {[K] — /, [K]f — e}. Here by [K] E Hi{N) we denote 
the homology class represented by the image of K. 

Finally define Sk E H hy the following formula, where the summation is taken 
over all double points v of tt{K): 

5/^ = E([/^^]-[^-"])- (1) 

V 

3.1.2. Since /i J U /i~ — K U 7t~^{v) we have 

[M+]K]-m/. (2) 

Theorem 3.1.3. Sk is o,n isotopy invariant of the knot K. 



For the proof of Theorem 3.1.3 see Subsection 7.1 



3.1.2| that Sk can also be described as an element oiZ[Hi (N)] 



3.1.4. It follows from 

equal to the sum of ([Mt!^]~[Mj7]) over all double points for which the sets {[/i^]i [m^]} 
and {e, /} are disjoint. Note that in this case we do not need to factorize 'Z[Hi{N)] 
to make Sk well defined. 

3.1.5. One can obtain an invariant similar to Sk with values in the free Z-module 
generated by the set of all free homotopy classes of oriented curves in A^ . To do this 
one substitutes the homology classes of /ijj" and /i^ in (|l|) with their free homotopy 
classes and takes the summation over the set of all double points v of tt{K) such 
that neither one of the knots //+ and //.^ is homotopic to a trivial loop and neither 



one of them is homotopic to a positively oriented fiber (see 3.1.4) 



To prove that this is indeed an invariant of K one can easily modify the proof 



of Theorem 3.1.3 



3.2. Sk is a Vassiliev invariant of order one. 

3.2.1. Let TT : iV — > _F be an S'^-fibration over a surface. Let K C N he a. knot 
generic with respect to tt and v a double point of 7t{K). A modification of pushing 
of one branch of K through the other along the fiber tt^^ (w) is called a modification 
of K along the fiber tt~^(v). 

3.2.2. If a fiber fusion increases by one the gleam 7 in Figure ^, then [/i+] is 
multiplied by /. If a fiber fusion increases by one the gleam a in Figure ^, then 
[fj,^] is multiplied by f~^. These facts are easy to verify. 

3.2.3. Let us find out how Sk changes under the modification along a fiber over a 
double point v. Consider a singular knot K' (whose only singularity is a point v of 
transverse self-intersection). Let ^1 and ^2 be the homology classes of the two loops 
of K' adjacent to v. The two resolutions of this double point correspond to adding 
±i to the gleams of the regions adjacent to v in two ways shown in Figures pp 
and||c. 
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a) 




b) 



c) 





Figure 5. 



by 



Using 3.2.2 one verifies that under the corresponding modification Sx changes 



if - e)iCi + ^2). 



(3) 



This means that the first derivative of 5*;^: depends only on the liomology classes 
of the two loops adjacent to the singular point. Hence the second derivative of Sk 
is 0. Thus it is a Vassiliev invariant of order one in the usual sense. 

For similar reasons the version of Sk with values in the free Z-module generated 
by all free homotopy classes of oriented curves in N is also a Vassiliev invariant of 
order one. 



Theorem 3.2.4. 

I: // K and K' are two knots representing the same free homotopy class, then 
Sk o,nd Sk' are congruent modulo the submodule generated by elements of 
form 



{f~e){j + [K]r') 



(4) 



forjeHiiN). 
II: If K is a knot, and S (£ H is congruent to Sk modulo the submodule gen- 
erated by elements of form (0) (for j G Hi{N)), then there exists a knot K' 
such that: 

a: K and K' represent the same free homotopy class; 

b: Sk' = S. 



For the proof of Theorem 3.2.4 see subsection 7.2 



3.3. Example. If iV is a solid torus T fibered over a disk, then we can calculate 
the value of Sk directly from the shadow of K. 

Definition 3.3.1. Let C be an oriented closed curve in M'^ and X a region for C. 
Take a point x G Int X and connect it to a point near infinity by a generic oriented 
path D. Define the sign of an intersection point of C and D as shown in Figure pi 
Let indc X be the sum over all intersection points of C and D of the signs of these 
points. 

It is easy to see that indc(-'^) is independent on the choices of x and D. 

Definition 3.3.2. Let iiT C T be an oriented knot which is generic with respect to 
TT, and let s{K) be its shadow. Define a{s{K)) e Z as the following sum over all 
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C D 




regions X for ^{K): 



Figure 6. 



a(s(i<f))-5]ind,(K)(X)gl(X). 



(5) 



X 



Denote by ft. £ Z the image of \K] under the natural identification of Hi (T) with 
Z. 

Lemma 3.3.3. a{s{K)) = h. 
3.3.4. Put 



S'k = ^t'^(''(A';^)) - r(''(''""», (6) 

where the sum is taken over all double points v of ^{K) such that {0, f} and 
{a(s(/x+)) o-(s(^ ,7))} are disjoint (see |3. 1.41 ). 

Lemma ^.3.3| implies that 5*^ is the image of Sk under the natural identification 
of 1j[Hi{T)] with the ring of finite Laurent polynomials (see 3.1.4). 



One can show |£] that 5^ and Aicardi's partial linking polynomial of K (which 
was introduced in |I|) can be explicitly expressed in terms of each other. 

3.4. Further generalizations of the Sk invariant. One can show that an in- 
variant similar to Sk can be introduced in the case where N is oriented and F is 
non-orientable. 

Definition 3.4.1 {oi Sk)- Let N be oriented and F non-orientable. Let K C N 
be an oriented knot generic with respect to tt, and let u be a double point of 
tt{K). Fix an orientation of a small neighborhood of v in F. Since N is oriented 
this induces an orientation of the fiber 7r~^(u). Similarly to the definition of Sk 
(see p.l.ip , we split our knot with respect to the orientation and obtain two knots 
fJ-tiv) and fJ-iiv). Then we take the other orientation of the neighborhood of v in 
F, and in the same way we obtain another pair of knots M2^('^) and 1X2 {v). The 
element ([/.^^(i')] — [Mr(^)] + [M2'('^)] ~ [M2^(^)]) £ '^[Hi{N)\ does not depend on 
which orientation of the neighborhood of v we choose first. 

Similarly to the definition of Sk , we can describe all this in terms of shadows as 
it is shown in Figure M. These shadows are constructed with respect to the same 
orientation of the neighborhood of v. 

Let / be the homology class of a fiber of tt oriented in some way. As one can 
easily prove p — e, so it does not matter which orientation we choose to define /. 
Let H be the quotient of 'L[Hi{N)] (viewed as a Z-module) by the Z-submodule 
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generated hy Uk] - f + e - [K]f = {e - f){[K] + e)\. Finally define Sk e H 

by the following formula, where the summation is taken over all double points v of 

Tr{K): 



Sk = 



]{[^^tiv)]-[^^I{v)] + [^^t{v)]-[^^2iv)] 



(7) 



a) 




b) 



a+p+8-1/2 




C) 




P+y+8+1/2 



d) 



a+p+S+l/2 





P+y+8-1/2 



Figure 7. 



Theorem 3.4.2. Sk is an isotopy invariant of the knot K . 



The proof is essentially the same as the proof of Theorem 3.1.S 



3.4.3. One can easily prove that Sk invariant satisfies relations similar to (||). In 
particular, Sk is also a Vassiliev invariant of order one. 

One can introduce a version of this invariant with values in the free Z-module 
generated by all free homotopy classes of oriented curves in N . To do this, we 
substitute the homology classes of /i^('y), ^J,i{v), M2^(i')j and M2^(^) with the cor- 
responding free homotopy classes. The summation should be taken over the set of 
all double points of 7r(_?C) for which neither one of /ij'(w),/ij~(u), /i2 (w), and /i^(u) 
is homotopic to a trivial loop and neither one of them is homotopic to a fiber of 
TT. To prove that this is indeed an invariant of K, one easily modifies the proof of 
Theorem 3.1.4 



4. Invariants of knots in Seifert fibered spaces 
Let (/^, u) be a pair of relatively prime integers. Let 



D^ = 



|(r,6l);0<r < l,0<e'<27r| C 
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be the unit disk defined in polar coordinates. A fibered solid torus of type {fi, v) 
is tlie quotient space of the cylinder D^ x / via the identification ((r, 0),l) = 
(^{r^O + ^^^),0). The fibers are the images of the curves x x I. The integer fi is 
called the index or the multiplicity. For |/i| > 1 the fibered solid torus is said to be 
exceptionally fibered, and the fiber that is the image of x / is called the exceptional 
fiber. Otherwise the fibered solid torus is said to be regularly fibered, and each fiber 
is a regular fiber. 

Definition 4.0.4. An orientable three manifold S is said to be a Seifert fibered 
manifold if it is a union of pairwise disjoint closed curves, called fibers, such that 
each one has a closed neighborhood which is a union of fibers and is homcomorphic 
to a fibered solid torus by a fiber preserving homeomorphism. 

A fiber h is called exceptional if h has a neighborhood homcomorphic to an 
exceptionally fibered solid torus (by a fiber preserving homeomorphism), and h 
corresponds via the homeomorphism to the exceptional fiber of the solid torus. If 
dS ^ 0, then dS should be a union of regular fibers. 

The quotient space obtained from a Seifert fibered manifold S by identifying 
each fiber to a point is a 2-manifold. It is called the orbit space and the images of 
the exceptional fibers are called the cone points. 

4.0.5. For an exceptional fiber a of an oriented Seifert fibered manifold there is 
a unique pair of relatively prime integers {^a,Va) such that fia > 0, |i^a| < ^a, 
and a neighborhood of a is homcomorphic (by a fiber preserving homeomorphism) 
to a fibered solid torus of type {fJ-a,i^a). We call the pair (fia,i^a) the type of the 
exceptional fiber a. We also call this pair the type of the corresponding cone point. 

We can define an invariant of an oriented knot in a Seifert fibered manifold that 
is similar to the Sk invariant. 

Clearly any 5^-fibration can be viewed as a Seifert fibration without cone points. 
This justifies the notation in the definition below. 

Definition 4.0.6 (of Sk)- Let N be an oriented Seifert fibered manifold with an 
oriented orbit space F. Let tt : A^ ^ F be the corresponding fibration and K C N 
an oriented knot in general position with respect to n. Assume also that K does 
not intersect the exc eptio nal fibers. For each double point v of n{K) we split K 
into fly and fi~ (see ^.l.l| ). Let A be the set of all exceptional fibers. Since N and 
F are oriented, we have an induced orientation of each exceptional fiber a € A. For 
a G A set fa to be the homology class of the fiber with this orientation. For a ^ A 



of type {pa,'ya) (see 1^1) set iVi(a) = {fc G {1, . . . ,^a}|^^ mod 2tt G (0,^]}, 
N2{a) = {fc G {!,..., /ia}|^^ mod2TT G (0,7r)}. Define Rl,Rl G Z[Hi{N)] by 
the following formulas: 

K= J2 ([^]/a^""'-/aV E (.ft-'-mf^), (8) 

keNi{a) keN2{a) 

Rl- T. ift-'-iKU^)- E (M/a"""'-/a)- (9) 

keNi{a) keN2{a) 

Let H be the quotient of 'E[{Hi{N)] (viewed as a Z-module) by the free Z- 
submodule generated by \ [K]f - e, [K] - /, {i?^, i?^}^^^ [. Finally, define Sk ^ H 
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by the following formula, where the summation is taken over all double points v of 

Tr{K): 

SK^J2i^n:]-[^^-]). (10) 

V 

Theorem 4.0.7. Sk is an isotopy invariant of the knot K . 



For the proof of Theorem 4.0.7 see Subsection 4.0.7, 

We introduce a similar invariant in the case where N is oriented and F is non- 
orientable. 

Definition 4.0.8 {oi Sk)- Let N be an oriented Seifert fibered manifold with a 
non-orientable orbit space F. Let tt : A^ ^ F be the corresponding fibration and 
K C N an oriented knot in general position with respect to tt. Assume also that 
K does not intersect the exceptional fibers. For e ach do uble point v of tt{K) we 



split K into /J,^(ti), Hi (v), ^J(w), and ^2 i'^) ^^ in 3.4.1 . The element ([^j^(ti)] 
[11^ {v)] + [iJ-tiv)] - [ms"!^)]) e Z[Hi{N)] is well defined. 

Denote by / the homology class of a regular fiber oriented in some way. Note 
that /^ — e, so the orientation we use to define / does not matter. For a cone point 
a denote by fa the homology class of the fiber 7r^^(a) oriented in some way. 

For a e A of type (A<a,i^a) set Ni{a) = {k e {1, . . . ,/Lia}|^^^ mod 2n G (0, tt]}, 
iV2(a) = {fee {!,..., Mall^T^ mod 27re (0,7r)}. 

Define Ra G 'Z[Hi{N)] by the following formula: 

fceAfi(a) 

- E (/a^""'-[^]/a+[^]/a"^" -/<:') (H) 
ki£N2(a} 

Let H be the quotient of 'E[Hi{N)] (viewed as a Z-module) by the free Z- 
submodule generated by | (e - f)i[K] + e), {EajaeAJ- 

One can prove that under the change of the orientation of 7r^^(a) (used to define 
fa) Ra goes to —Ra- Thus H is well defined. To show this, one verifies that if /ia 
is odd, then A^i (a) = A'2 (a) . Under this change each term from the first sum (used 
to define Ra) goes to minus the corresponding term from the second sum and vice 
versa. (Note that /^ = e.) If ^a — 2/ is even, then Ni{a) \ {1} = N2{a). Under this 
change each term with k G Ni(a) \ {1} goes to minus the corresponding term with 
k G N2{a) and vice versa. The term in the first sum that corresponds to k = I goes 
to minus itself. 

Finally define Sk G H as the sum over all double points v of tt{K): 

Sk = E([a^^(«)] - [/^r(^)] + i^^Uv)] - [t^2iv)])- (12) 

V 

Theorem 4.0.9. Sk is an isotopy invariant of K . 



The proof is a straightforward generalization of the proof of Theorem 4.0.7 



4.0.10. One can easily verify that Sk and Sk satisfy re lation s similar to (|^). Hence 



both of them are Vassiliev invariants of order one (see |3.2.3| ) 
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5. Wave fronts on surfaces 

5.1. Definitions. Let F he a, two-dimensional manifold. A contact element at a 
point in F is a one-dimensional vector subspace of the tangent plane. This subspace 
divides the tangent plane into two half-planes. A choice of one of them is called 
a coorientation of a contact element. The space of all cooriented contact elements 
of F is a spherical cotangent bundle ST*F. We will also denote it by N. It is an 
S'^-fibration over F. The natural contact structure on ST*F is a distribution of 
hyperplanes given by the condition that a velocity vector of an incidence point of a 
contact element belongs to the element. A Legendrian curve A in iV is an immersion 
of 5"^ into N such that for each p G S^ the velocity vector of A at A(p) lies in the 
contact plane. The naturally cooriented projection L C F of a Legendrian curve 
A C A'^ is called the wave front of A. A cooriented wave front may be uniquely 
lifted to a Legendrian curve A C A^ by taking a coorienting normal direction as 
a contact element at each point of the front. A wave front is said to be generic 
if it is an immersion everywhere except a finite number of points, where it has 
cusp singularities, and all multiple points are double points with transversal self- 
intersection. A cusp is the projection of a point where the corresponding Legendrian 
curve is tangent to the fiber of the bundle. 

5.2. Shadows of wave fronts. 

5.2.1. For any surface F the space ST*F is canonically oriented. The orientation 
is constructed as follows. For a point a; € -F fix an orientation of T^F. It induces an 
orientation of the fiber over x. These two orientations determine an orientation of 
three dimensional planes tangent to the points of the fiber over x. A straightforward 
verification shows that this orientation is independent on the orientation of T^F we 
choose. Hence the orientation of ST*F is well defined. 

Thus for oriented F the shadow of a generic knot in ST*F is well defined (see 2.1 
and 2.2.10| ). Theorem 5.2.3 describes the shadow of a Legendrian lifting of a generic 
cooriented wave front L C F. 



Definition 5.2.2. Let X be a connected component of F \ L. We denote by 
xlnt(X) the Euler characteristic of Int(X), by C]^ the number of cusps in the 
boundary of the region X pointing inside X (as in Figure m) , by C^ the number 
of cusps in the boundary of X pointing outside (as in Figure |8|d), and by Vx the 
number of corners of X where locally the picture looks in one the two ways shown 
in Figure rac. It can happen that a cusp point is pointing both inside and outside 
of X. In this case it contributes both in C^^ and in C^. If the corner of the type 
shown in Figure @c enters twice in dX , then it should be counted twice. 




b) 



X 





X 




(ck) 



(c°) 



(Vx) 



(Vx) 



Figure 8. 
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Theorem 5.2.3. Let F be an oriented surface and L a generic cooriented wave 
front on F corresponding to a Legendrian curve X. There exists a small deformation 
of A in the class of all smooth (not only Legendrian) curves such that the resulting 
curve is generic with respect to the projection, and the shadow of this curve can 
be constructed in the following way. We replace a small neighborhood of each cusp 
of L with a smooth simple arc. The gleam of an arbitrary region X that has a 
compact closure and does not contain boundary components of F is calculated by 
the following formula: 



X 



Xlnt(X) + i(C^ 



C°x - Vx). 



(13) 



For the proof of Theorem 5.2.3 see Subsection 7.5 



Remark . The surface F in the statement of Theorein 5.2.3 is not assumed to be 
compact. 



Note that as we mentioned in 2.2.1C, the gleam of a region X that does not have 



compact closure or contains boundary components is not well defined unless we fix 
a section over all ends of X and components of dF in X. 

This theorem first appeared in p]. A similar result was independently obtained 
byPolyak§. 



5.2.4. A self-tangency point p of a wave front is said to be a point of a dan- 
gerous self-tangency if the coorienting normals of the two branches coincide at p 
(see Figure S). Dangerous self-tangency points correspond to self- intersection of 
the Legendrian curve. Hence a generic deformation of the front L not involving 
dangerous self-tangencies corresponds to an isotopy of the Legendrian knot A. 




Figure 9. 



Any generic deformation of a wave front L corresponding to an isotopy in the 
class of the Legendrian knots can be split into a sequence of modifications shown 
in Figure 11^. The construction of Theorem ^.2.3 transforms these generic modifi- 
cations of wave fronts to shadow moves: la and lb in Figure nfl are transformed to 
the Si move for shadow diagrams, Ha, lib, IFa, IFb, IFc, and Il'd are transformed 
to the S2 move, finally Ilia and Illb are transformed to 6*3 and S3 respectively. 



5.2.5. Thus for the Legendrian lifting of a wave front we are able to calculate all 
invariants that we can calculate for shadows. This includes the analogue of the 
linking number for the fronts on R^ (se e pO| ), the second order Vassiliev invariant 
(see 1^), and quantum state sums (see [|10[). 

5.3. Invariants of wave fronts on surfaces. In particular, the Sk invariant 
gives rise to an invariant of a generic wave front. This invariant appears to be 
related to the formula for the Bennequin invariant of a wave front introduced by 
Polyakin g. 

Let us recall the corresponding results and definitions of |5| . 
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la). 



b). 



II a) 




li 



a) 



b) 



c)- 



d) 



Ilia) 







Figure 10. 



Let L be a generic cooriented oriented wave front on an oriented surface F. 
A branch of a wave front is said to be positive (resp. negative) if the frame of 
coorienting and orienting vectors defines positive (resp. negative) orientation of 
the surface F. Define the sign e{v) of a double point v of L to be +1 if the signs of 
both branches of the front intersecting at v coincide and —1 otherwise. Similarly 
we assign a positive (resp. negative) sign to a cusp point if the coorienting vector 
turns in a positive (resp. negative) direction while traversing a small neighborhood 
of the cusp point along the orientation. We denote half of the number of positive 
and negative cusp points by C"*" and C~ respectively. 

Let w be a double point of L. The orientations of F and L allow one to distinguish 
the two wave fronts L^ and L^ obtained by splitting of L in w with respect to 
orientation and coorientation (see Figures [ll^.l and |ll|b.l). (Locally one of the 
two fronts lies to the left and another to the right oi v.) 

For a Legendrian curve A in ST*M.'^ denote by /(A) its Bennequin invariant de- 
scribed in the works of Tabachnikov ||8|] and Arnold ||^ with the sign convention 
of § audi. 

Theorem 5.3.1 (Polyak B). Let L be a generic oriented cooriented wave front on 
M^ and A the corresponding Legendrian curve. Denote by ind(L) the degree of the 
mapping taking a point p iz S^ to the point of S^ corresponding to the direction of 
the coorienting normal of L at L{p). Define S as the following sum over all double 
points of L : 



5 = ^(ind(L+)-ind(i-) -£(«)). 



(14) 



The 



l{\) = 5 + (1 - ind(i))C+ + (ind(i) + l)C- + im\{Lf 



(15) 



In H it is shown that the Bennequin invariant of a wave front on the K^ plane 
admits quantization. Consider a formal quantum parameter q. Recall that for 
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a) 




a.l) 




b) 




b.l) 




Figure 11. 



any n & "L the corresponding quantum number [ri\q G '^[q,q 
polynomial in q defined by 



q' 



is a finite Laurent 



(16) 



Substituting quantum integers instead of integers in 5.3.1 we get the following 
theorem. 

Theorem 5.3.2 (Polyak H). Let L he a generic cooriented oriented wave front on 
M^ and A the corresponding Legendrian curve. Define Sq by the following formula, 
where the sum is taken over the set of all double points of L : 

Sq = J2[tnd{Lt) - ind{L-) ~ e{v)]q. (17) 



Put 

lq{L) ^Sq + [l- ind{L)]qC+ + [ind{L) + l]qC" + [ind{L)]qind{L) . (18) 

Then lq{X) = lq{L) G ^l^q^q^^] is invariant under isotopy in the class of the 
Legendrian knots. 

The lq{X) invariant can be expressed B in terms of the partial linking polynomial 
of a generic cooriented oriented wave front introduced by Aicardi lit] . 

The reason why this invariant takes values in :^'Z[q,q~^] and not in ^[(7,(7^^] is 
that the number of positive (or negative) cusps can be odd. This makes C+ {C" ) 
a half-integer. 

Let A^ with e = ± be the Legendrian lifting of the front Lf,. Let / e Hi{ST*F) 
be the homology class of a positively oriented fiber. 



INVARIANTS OF FRONTS ON SURFACES 



17 



Theorem 5.3.3 (Polyak B). Let L be a generic oriented cooriented wave front 
on an oriented surface F. Let X be the corresponding Legendrian curve. Define 
IfW e Hi{ST*F, iZ) by the following formula: 



hix) = mi^t][K]-'n^''nim-'f am 



\C- 



(19) 



(We use the multiplicative notation for the group operation in Hi{ST*F).) 
Then /_f(A) is invariant under isotopy in the class of the Legendrian knots. 

The proof is straightforward. One verifies that Z_f(A) is invariant under all ori- 
ented versions of non-dangerous self-tangency, triple point, cusp crossing, and cusp 
birth moves of the wave front. 

In H this invariant is denoted by ^^^(A) and, in a sense, it appears to be a natural 
generalization of Arnold's J"*" invariant B to the case of an oriented cooriented wave 
front on an oriented surface. 



Note that in the situation of Theorem 5.3.1 the indices of all the fronts involved 



are the images of the homology classes of their Legendrian liftings under the natural 
identification of Hi {ST*M.'^) with Z. If one replaces everywhere in 5.3.1 indices with 
the corresponding homology classes and puts / instead of 1, then the only difference 
between the two formulas is the term ind (L). (One has to remember that we use 
the multiplicative notation for the operation in Hi{ST*F).) 



5.3.4. The splitting of a Legendrian knot K into /i+ and /i^ (see 3.1.1) can be 
done up to an isotopy in the class of the Legendrian knots. Although this can be 
done in many ways, there exists the simplest way. The projections L+ and L~ of 
the Legendrian curves created by the splitting are shown in Figure O. (This fact 
follows from Theorem ^.2.3 . ) 

Let A^ with e = ± be the Legendrian lifting of the front LI. 



a) 




b) 






Figure 12. 



Theorem 5.3.5. Let L be a generic oriented cooriented wave front on an ori- 
ented surface F. Let A be the corresponding Legendrian curve. Define S{X) £ 
iZ[iJi(5'T*i^)] by the following formula: 



S{X) 



E 



[A+]-[A-] +(/-[A])C+ + ([A]/-e)C- 



(20) 



Then S{X) is invariant under isotopy in the class of the Legendrian knots. 



The proof is straightforward. One verifies that S{X) is indeed invariant under all 
oriented versions of non-dangerous self-tangency, triple point, cusp crossing, and 
cusp birth moves of the wave front. 
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5.3.6. By taking the free homotopy classes of A+ and A~ instead of the homology 
classes one obtains a different version of the S{X) invariant. It takes values in 
the group of formal half-integer linear combinations of the free homotopy classes 
of oriented curves in ST*F. In this case the terms [A] and / in (|2^) should be 
substituted with the free homotopy classes of A and of a positively oriented fiber 



respectively. The terms [A]/ and e in (20) should be substituted with the free 



homotopy classes of A with a positive fiber added to it and the class of a contractible 
curve respectively. Note that / lies in the center of tti{ST*F), so that the class of 
A with a fiber added to it is well defined. 

A straightforward verification shows that this version of S'(A) is also invariant 
under isotopy in the class of the Legendrian knots. 

Theorem 5.3.7. Let L be a generic oriented cooriented wave front on an oriented 
surface F. Let A be the corresponding Legendrian curve. Let S{X) and IpW be the 
invariants introduced in 5.3.S[ and 5.3.!\ respectively. Let 



pr : iz[i7i(5r*F)] ^ H^{ST*F, ^Z) (21) 

be the mapping defined as follows: for any Ui G ^Z and gi G Hi{ST*F), 

E^^s.-n^r- (22) 



Thenpr{S{X)) = lFiX). 

The proof is straightforward: one must verify that 

[A+][A-]-V'^("^ = [A+][A-]-i in H,{ST*F). (23) 

(Recall that we use a multiplicative notation for the group operation in Hi(ST*F).) 
This means that S'i?(A) is a refinement of Polyak's invariant ^f(A). 

5.3.8. One can verify that there is a unique linear combination X^mpz"'™!"^]? ~ 
lq{X) with Um being non- negative half- integers such that no — 0, and if n^ > 0, 
then n_m = 0. To prove this one must verify that {2[n]q|0 < n} is a basis for the 
Z-submodule of ^Z[q, q~^] generated by the quantum numbers and use the identity 

n[m]g = -n[-m]g. 

The following theorem shows that if i C M^, then S{X) and Polyak's quantization 
lq{X) (see |3.3.2) of the Bcnncquin invariant can be explicitly expressed in terms of 



each other. 

Theorem 5.3.9. Let f G Hi{ST*M.'^) be the class of a positively oriented fiber. Let 
L be a generic oriented cooriented wave front on R^ , A the corresponding Legendrian 
curve, and f^ the homology class realized by it. Let lq{X) — [h]qh — X^mez"™!"^]? 



be written in the form described in 5.3.q and S{X) ~ "^i^z ^if ■ Then 



E 

ki>0 



lq{X) = [h]qh+y^kl[2l-h-l]q, (24) 

and 



„ h+l + m h + 1- 



^(A) = E "™(/"^" - /"^")- (25) 



n,„>0 
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For the proof of Theorem 5.3.9 see Subsection 7.6 



are integers, so that the 



One can show that for n,„ > both ^+]+'^ and 
sum (HI) takes values in \Z[Hi{ST*m?)]. 

Note that the lq{X) invariant was defined only for fronts on the plane M? . Thus 
S{X) is, in a sense, a generalization of Polyak's lq{\) to the case of wave fronts on 
an arbitrary oriented surface F. 

5.3.10. The splitting of the Legendrian knot K into ji^iv), /xj~(w), ^2 (^)i ^^^ 



fJ-2 (v) (which was used to define S{K), see 3.4.1) can be done up to an isotopy in 
the class of the Legendrian knots. Although this can be done in many ways, there 
is the simplest one. The projections L^{v), L^{v), Z2 (w), and L2 (v) are shown in 
Figure O. (This fact follows from Theorem 5.2.3.) 



This allows us to introduce an invariant similar to S{X) for generic oriented 
cooriented wave fronts on a non-orientable surface F in the following way. 

Let i be a generic wave front on a non-orientable surface F. Let w be a double 
point of L. Fix some orientation of a small neighborhood of v in F. The orientations 
of the neighborhood and L allow one to distinguish the wave fronts L^ , Lj~, Lg j 
and L2 obtained by the two splittings of L with respect to the orientation and 
coorientation (see Figure O). Locally the fronts with the upper indices plus and 
minus are located respectively to the right and to the left of w. To each double 
point z; of L we associate an element 



([A^(^)] - IKiv)] + [Xtiv)] - [X^iv): 



1j[Hi{ST*{F)]. Here we denote by lambdas the Legendrian curves corresponding 
to the wave fronts appearing under the splitting. Clearly this element does not 
depend on the orientation of the neighborhood of v we have chosen. 



a) 






b) 






Figure 13. 



For a wave front L let C be half of the number of cusps of L. Denote by / the 
homology class of the fiber of ST*F oriented in some way. Note that /^ = e, so it 
does not matter which orientation of the fiber we use to define /. 



Theorem 5.3.11. Let L be a generic cooriented oriented wave front on a non- 
orientable surface F and X the corresponding Legendrian curve. Define S{X) G 
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^'Z\Hi{ST* (F))] by the following formula, where the summation is taken over the 
set of all double points of L : 

5(A) = 5]([A+(t;)] - [Ar(t;)] + [X+iv)] - [\^{v)]) + C{[X]f - e + / - [A]). (26) 

V 

Then S{X) is invariant under isotopy in the class of the Legendrian knots. 

The proof is straightforward. One verifies that S{X) is indeed invariant under aU 
oriented versions of non-dangerous self-tangency, triple point passing, cusp crossing, 
and cusp birth moves of the wave front. 

The reason we have S{X) G ^1\Hi {ST*F)] is that if L is an orientation reversing 
curve, then the number of cusps of L is odd. In this case C is a half-integer. 

6. Wave fronts on orbifolds 

6.1. Definitions. 

Definition 6.1.1. An orbifold is a surface F with the additional structure consist- 
ing of: 

1) set AdF; 

2) smooth structure on F \ ^; 

3) set of homeomorphisms (t>a of neighborhoods Ua of a in F onto M^/Gq such 
that (f)a{a) — and (fia is a diffeomorphism. Here Ga — \e i^" fcg{l,...,/iQ}| 

Ua\a 

is a group acting on M^ = C by multiplication, (/i^ G Z is assumed to be positive.) 

The points a £ A are called cone points. 

The action of G on R^ induces the action of G on ST*M.^. This makes ST*R'^/G 
a Seifert fibration over M^/G. Gluing together the pieces over neighborhoods of 
F we obtain a Seifert fibration tt : N —^ F. The fiber over a cone point a is an 
exceptional fiber of type (/Xq, —1) (see 4.0.5| ). 



The natural contact structure on 5T*M^ is invariant under the induced action of 
G. Since G acts freely on ST*R'^, this implies that N has an induced contact struc- 
ture. As before, the naturally cooriented projection L C F of a generic Legendrian 
curve A is called the front of X. 

6.2. Invariants for fronts on orbifolds. For oriented F we construct an in- 
variant similar to S{X). It corresponds to the Sk invariant of a knot in a Seifert 
fibered space. For non-orientable surface F we construct an analogue of S'(A). It 
corresponds to the Sk invariant of a knot in a Seifert fibered space. 

Note that any surface F can be viewed as an orbifold without cone points. This 
justifies the notation below. 

Let F be an oriented surface. The orientation of F induces an orientation of all 
fibers. Denote by / the homology class of a positively oriented fiber. For a cone 
point a denote by fa the homology class of a positively oriented fiber 7r^^(a). For a 
generic oriented cooriented wave front L C F denote by G+ (resp. G^) half of the 
number of positive (resp. negative) cusps of L. Note that for a double point v of 
a generic front L the splitting into L^ and L~ is well defined. The corresponding 
Legendrian curves Aj and A^ in N are also well defined. 

For a G ^ of type (^ia,-!) put iVi(a) = {/c G {1, . . . ,/Za}|^^ mod27r G (0,7r]}, 
N2ia) = {fc G {!,..., /ia} Iff mod 27r G (0,7r)}. Define Rl,Rl G Z[Hi{N)] by the 
following formulas: 
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K= J2 ii^^Ut-" - fa) - E (/a"""'-[A]/a'), (27) 

keNiia) keN2{a) 

Rl- J2 ift-'-lMfa)- E (W/a^""'-/a)- (28) 

fceWl(a) ki£N2{a) 

Set J to be the quotient of ^Z[Hi{N)] by the free Abehan subgroup generated 
by {{ii?i(a),ii?2(a)}aeA}. 

Theorem 6.2.1. Let L be a generic cooriented oriented wave front on F and X the 
corresponding Legendrian curve. 

Then S{X) G J defined by the sum over all double points of L, 

5(A) = E([^^(^)] - [^"(^)]) + (/ - W)^^ + (W/ - ^)^"' (29) 

is invariant under isotopy in the class of the Legendrian knots. 



For the proof of Theorem 6.2.1 see Subsection 7.7. 

Let i^ be a non-orientable surface. Denote by / the homology class of a regular 
fiber oriented in some way. Note that /^ = e, so the orientation we use to define / 
does not matter. For a cone point a denote by fa the homology class of the fiber 
TT~^{a) oriented in some way. For a generic oriented cooriented wave front L C F 
denote by C half of the number of cusps of L. Note that for a double point v of 
a generic front L the element ([A+(w)] - [X^ (v)] + [X+{v)] - [X^ (v)]) e Z[Hi{N)] 
used to introduce S{X) is well defined. 

For a e A of type (^a,-l) put Ni{a) = {fc e {!,.. . , /Xa}|^^ mod27r e (0, tt]}, 
and iV2(a) = {fc £ {1, . . . , fia}\=^niod2TT e (0,7r)}. Define Ra G Z[Hi{N)] by 
the following formula: 

keNiia) 

- E (/a^""'-W/a+W/a"^" -/<:'). (30) 

keN2ia) 

Put J to be the quotient of ^'E[Hi{N)] by a free Abehan subgroup generated by 



Similarly to |4.0.8| , one can prove that under the change of the orientation of 
7r^^(a) (used to define fa) Ra goes to ~Ra. Thus J is well defined. 

Theorem 6.2.2. Let L be a generic cooriented oriented wave front on F and X the 
corresponding Legendrian curve. 

Then S{X) G J defined by the summation over all double points of L, 

SW = E([^^(")] - [^r(«)] + f^tiv)] IKiv)]) + (([A]/ - e + / - [X])C, 

(31) 
is invariant under isotopy in the class of the Legendrian knots. 



The proof is a straightforward generalization of the proof of Theorem 6.2.1 
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7. Proofs 



7.1. Proof of Theorem 3.1.3. To prove the theorem it suffices to show that Sk 
is invariant under the elementary isotopies. They project to: a death of a double 
point, cancellation of two double points, and passing through a triple point. 

To prove the invariance, we fix a homeomorphic to a closed disk part P oi F 
containing the projection of one of the elementary isotopies. Fix a section over the 
boundary of P such that the points oi K n TT~^{dP) belong to the section. Inside 
P we can construct the Turaev shadow (sec 2.2.10|). The action of 7Ji(IntP) = e 



on the set of isotopy types of links is trivial (see 2.2.8). Thus the part of K can be 
reconstructed in the unique way from the shadow over P. In particular, one can 
compare the homology classes of the curves created by splitting at a double point 
inside P. Hence to prove the theorem, it suffices to verify the invariance under the 
oriented versions of the moves 5'i, 52, and S3. 

There are two versions of the oriented move Si shown in Figures |l4fi a nd |ljb. 

For Figure |ja the term [/i+] appears to be equal to /. From 3.1.2 we know 



that [/i+][M-] = [K]f, so that [/x"] = [K]. Hence [m+] - [/i"] ^ f - [K] and is 
equal to zero in H. In the same way we verify that [fi^] — [fJ-y] (for v shown in 
Figure [14|b) is equal to [K]f — e. It is also zero in H. The summands corresponding 
to other double points do not change under this move, since it does not change the 
homology classes of the knots created by the splittings. 

There are three oriented versions of the ^2 move. We show that Sk does not 
change under one of them. The proof for the other two is the same or easier. We 
choose the version corresponding to the upper part of Figure |l^. The summands 
corresponding to the double points not in this figure are preserved under the move, 
since it does not change the homology classes of the corresponding knots. So it 
suffices to show that the terms produced by the double points u and v in this figure 
cancel out. Note that the shadow fi~ is transformed to ^J by the 5*1 move. It is 
known that Si can be expressed in terms of 5*1, S'2, and 5*3, thus it also does not 
change the homology classes of the knots created by the splittings. Hence [/z+] and 
[/j~] cancel out. In the same way one proves that [fi~] and [/i+] also cancel out. 

There are two oriented versions of the ^3 move: 5*3 and S^, shown in Figures [l^a 
and [l^ b respectively. The S'^ move can be expressed in terms of S'^ and oriented 
versions of ^2 and 5^ ^ . To prove this we use Figure |lj. There are two ways to 
get from Figure [T7| a to Figure |l^b. One is to apply S'^. Another way is to apply 
three times the oriented version of ^2 to obtain Figure Oc, then apply S'^ to get 
Figure JlW, and finally use three times the oriented version of S2 to end up at 
Figure [l7|b. 

Thus it suffices to verify the invariance under S^. The terms corresponding to 
the double points not in Figures ttqa and nqb are preserved for the same reasons as 
above. The terms coming from double points u in Figure nSk and u in Figure Eq.b 
are the same. This holds also for the v- and w-pairs of double points in these two 
figures. We prove this statement only for the u-pair of double points. For v- and 
w-pairs the proof is the same or simpler. There is only one possibility: either the 
dashed hne belongs to both 7r(/.t+) in Figures |l8|a.l and[l^b.l respectively or to both 
7r(/.t~) in Figures p^.2 and [l^b.2 respectively. We choose the one to which it does 
not belong. Summing up gleams on each of the two sides of it we immediately see 
that the corresponding shadows are the same on both pictures. Thus the homology 



classes of the corresponding knots are equal. But [Mu][Mu] = [-^1/ (^^e 3.1.2), thus 
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a) 



a Xl/2 p: — ^ : a-1/2 



P+l 



a.l) 



a :<npi 



b) .. i 



a Ym) p: — ^ : a-1/2 



P+l 



b.l) 



a :{o ) Pi 



Figure 14. 



the homology classes of the knots represented by the other shadows are also equal. 



This completes the proof of Theorem 3.1.3 



D 
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a+Y+5-1/2 



a+p+Y-1/2 




a+p+Y+1/2 





a+Y+5+1/2 



Figure 15. 



7.2. Proof of Theorem 3.2.4. I: K' can be obtained from K hy a. sequence of 



isotopies and modifications along fibers. Isotopies do not change S. The modifica- 
tions change S by elements of type (0). To complete the proof we use the identity 

a6 = [K]. 

II: We prove that for any i e Hi{N) there exist two knots Ki and K2 such that 
they represent the same free homotopy class as K, 



Sk, = Sk + (/ - e){[K]t-^ + ^), and 



(32) 



SK,^SK-{f-eK[K]i-^+t). 



(33) 



Clearly this would imply the second statement of the theorem. 

Take i £ Hi{N). Let Ki be an oriented knot in A^ such that [Ki] = i. The 
space N is oriented, hence the tubular neighborhood Tk^ of Ki is homeomorphic 
to an oriented solid torus T. Deform Ki, so that Ki n Trt^ is a small arc (see 
Figure n9h . Pull one part of the arc along Ki in Tk^ under the other part of the arc 
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\ 






Figure 16. 



(see Figure po|) . This isotopy creates two new double points u and v of 7r(7^). (Since 
Txi may be knotted, it might happen that there are other new double points, but 
we do not need them for our construction.) Making a fiber modification along the 
part of Tr~^{u) that lies in T one obtains K2. Making a fiber modification along 
the part of tt~^{v) that lies in T one obtains Ki. This completes the proof of 
Theorem ^.2.4 □ 



7.3. Proof of Theorem 3.3.3, It is easy to verify that any two shadows with the 
same projection can be transformed to each other by a sequence of fiber fusions. One 
can easily create a trivial knot with an ascending diagram such that its projection is 
any desired curve. This implies that any two shadows on R^ can be transformed to 
each other by a sequence of fiber fusions, movements 5*1, S2, S3, and their inverses. 
A straightforward verification shows that a{s{K)) does not change under the moves 
S'i,S'2,S'3, and their inverses. Under fiber fusions the homology class of the knot 
and the element a change in the same way. To prove this, we use Figure O, where 
Figure |2^a shows the shadow before the application of the fiber fusion (that adds 
1 to the homology class of the knot) and Figure pi[ b after. In this diagrams the 
indices of the regions are denoted by Latin letters. Now one easily verifies that a 
also increases by one. Finally, for the trivial knot with a trivial shadow diagram 
its homol ogy c lass and a{s{K)) are both equal to 0. This completes the proof of 
Theorem ^.3.3| . D 



7.4. Proof of Theorem 4.0.7. It suffices to show that Sk does not change under 
the elementary isotopies of the knot. Three of them correspond in the projection 
to: a birth of a small loop, passing through a point of self-tangency, and passing 
through a triple point. The fourth one is passing through an exceptional fiber. 
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a) 



b) 




S3 




c) 



d) 





Figure 17. 



From the proof of Theorem 3.1.3| one gets that Sk is invariant under the first 
three of the elementary isotopies described above. Thus it suffices to prove invari- 
ance under passing through an exceptional fiber a. 



Let a be a singular fiber of type {iiaiVa) (see |4.0.5| ). Let Ta be a neighborhood 
of a which is fiber-wise isomorphic to the standardly fibered solid torus with an 
exceptional fiber of type (/Ua, Va). 

We can assume that the move proceeds as follows. At the start K and Ta 
intersect along a curve lying in the meridional disk D oiTa- The part of K close 
to a m. D is an arc C of a circle of a very large radius. This arc is symmetric with 
respect to the y axis passing through a in 13. During the move this arc slides along 
the y axis through the fiber a (see Figure 22 ) . 

Clearly two points u and w of C after this move are in the same fiber if and only 
if they are symmetric with respect to the y axis, and the angle formed by v, a, u in 
D is less or equal to tt and is equal to 2^ for some / G {1, . . . , /^a} (see Figure p2[ ). 
They are in the same fiber before the move if and only if the angle formed by u, a, v 
in D is less than tt and is equal to — for some ^ e {1, . . . , /.t^} (see Figure |2^). 

Consider a double point w of tt j^{K) that appears after the move and corresponds 
to the angle ^. There is a unique k G Ni{a) such that 2ZLiiti mod27r = ^. Note 
that to make the splitting of [K] into [/ij] and [/i~] well defined, we do not need 
the two points of K projecting to v to be antipodal in 7r^^(u). This allows one 
to compare these homology classes with fa- For the orientation of C shown in 
Figure p3 one verifies that connecting v to u along the orientation of the fiber we are 
adding k fibers fa- (Note that the factorization we used to define the exceptionally 
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b.l) 
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a+p+^+1/2 . ■ 
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b.2) 



■i:+y+5+3/2 



p \ 




Figure 18. 



fibered torus was ((r,6l), l) = ((r,6l + ^),0).) Thus [/i,-] = ^l (see Figure H). 
From|T|we know that [/i+][Ai^] = [iC]/. Hence [/x+] = [X]/^»-'=. 

As above, to each double point v of ttI „(iir) before this move there corresponds 
k e Niia). For this double point \\it\ = ft~'' and [/i"] = [K]/!^. 

Summing up over the corresponding values of k we see that Sk changes by i?;^ 
under this move. Recall that R\ = € H. Thus Sk is invariant under the move. 

For the other choice of the orientation of C the value of Sk changes by R^ = 
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Figure 19. 




Figure 20. 



a) 



A-1 



b) 
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A 
p+1 



Figure 21. 
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Figure 22. 





Figure 23. 



T hus S k is invariant under all elementary isotopies, and this proves Theo- 
rem |4.0.7|. D 



7.5. Proof of Theorem 5.2.3| . Deform L in the neighborhoods of all double points 
of L (see Figure p4), so that the two points of the Legendrian knot corresponding 
to the double point of L are antipodal in the fiber. After we make the quotient of 



a) 







b) 







Figure 24. 
the fibration by the Z2-action, the projection of the deformed A is not a cooriented 
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front anymore but a front equipped with a normal field of lines. (This corresponds 
to the factorization 5'^ — > MP^.) Using Figure ^ one calculates the contributions 
of different cusps and double points to the total rotation number of the line field 
under traversing the boundary in the counter clockwise direction. 



a) 



b) 



c) 






d) 




Figure 25. 



These contributions are as follows: 

1 for every cusp point pointing inside X; 
for every cusp point pointing outside X; 
for every double point of the type shown in Figure 
for the other types of double points. 



(34) 



To get the contributions to gleams, we divide these numbers by 2 (as we do in 
the construction of shadows, see 2.1). 

If the region does not have cusps and double points in its boundary, then the 
obstruction to an extension of the section over dX to X is equal to x(IntX). 

D 



This completes the proof of Theorem 5.2.3 



7.6. Proof of Theorem 5.3.9. A straightforward verification shows that 

indL^ — indi~ = indi^ — indL^ — <^(")j (35) 



and 



ind L^ + ind L., = ind L + 1, 



ind L,, + ind L., — ind L 



(36) 



(37) 



for any double point u oi L. 

Let us prove (p4|). We write down the formal sums used to define S{X) and lq{X) 
and start to reduce them in a parallel way as described below. 

We say that a double point is essential if [A+] ^ [A~]. 



For non-essential u we see that the term ([A+] — [A„ ]) in S{X) is zero. Using (35) 
we get that the term [indij — indL~ — e(w)]q in lq{X) is also zero. 

The index of a wave front coincides with the homology class of its lifting under 
the natural identification of Hi{ST*F) with Z. This fact and ( p6| ) imply that if 
we have [Aj] — [X^] for two double points u and v, then [A^^] ~ [Xy]. Hence 
([A+] — [A~]) — — ([A+] — [A^]), and these two terms cancel out. Identity (35) 



implies that the terms [indiy+ — indL^ — e{u)]q and [indL+ — indL,^ — ^ii^)]q a-lso 
cancel out. 

For similar reasons, if for a double point u the term ([A+] — [A,^]) is equal to 
([A] — /), so that we can simpUfy S{X) by crossing out the term and decreasing the 
coefficient C"*" by one. Then [indL+ — indL~ — e{u)]q = [indi — 1]^, and we can 
simplify lq{X) by crossing out the term and decreasing the coefficient (7+ by one. 
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Similarly if the input of double point u into 5(A) is (e — [A]/), then we reduce 
the two sums in the parallel way by crossing out the corresponding terms and 
decreasing by one the coefficients C~ . 

We make the cancellations described above in both S{X) and (^^(A) — [h]qh) in 
a parallel way until we can not reduce S{X) any more. In this reduced form the 
terms of the form kif^ with A:; > correspond to the terms of type [A+] for some 
double points u of L. (The case where a term of this type correspond to cusps is 
treated separately below.) Identities (|35| ) and ( |3q ) imply that the contribution of 
the corresponding double points into lq{X) is ki[2l — h — l]q. 

In the case where kif term comes from the cusps and not from the double points 
of L, one can easily verify that the corresponding input of cusps into {lq{X) — [h]qh) 
can still be written as ki[2l — h — l]q. 

Thus lq{X) — [h]qh + J2k >o ^'[2^ — h — l]q, and we have proved ([2^). 

Let us prove (p5|). As above we reduce S'(A) and {lq{X) — [h]qh) in a parallel way. 
Note that the coefficient at each [m\q was positive from the very beginning by the 
definition of lq{X), and it stays positive under the cancellations described above. 
After this reduction each term 7im["^]g is a contribution of rim double points. (The 
case where it is a contribution of cusps is treated separately as in the proof of (pq).) 
Let u be one of these double points. Then from ( p5| ) and (^) we get the following 
system of two equations in variables ind L+ and ind L^ : 




ind L^ ^ m 

ind L,7 = ind L + 1. 

Solving the system we get that [A+] — f 2 and [A,^] = / 2" 



(38) 



This proves identity (E5|) and Theorem 5.3.E. D 



7.7. Proof of Theorem |6.2.lj . There are five elementary isotopies of a generic 
front L on an orbifold F. Four of them are: the birth of two cusps, passing through 
a non-dangerous self-tangency point, passing through a triple point, and passing of 
a branch through a cusp point. For all possible oriented versions of these moves a 
straightforward calculation shows that 5(A) G ^'Z,[Hi{N)] is preserved. 

The fifth move is more complicated. It corresponds to a generic passing of a 
wave front lifted to R^ through the preimage of a cone point a. We can assume 
that this move is a symmetrization by Ga of the following move. The lifted front 
in the neighborhood of a is an arc C of a circle of large radius with center at the y 
axis, and during this move this arc slides through a along y (see Figure p9). 

Clearly after this move points u and v on the arc C turn out to be in the same 
fiber if and only if they are symmetric with respect to the y axis, and the angle 
formed by v, a, u is less or equal to tt and is equal to ^^ for some k G {1, . . . , /Zal (see 
Figure |2^) . We denote the set of such numbers fc by A^i (a) = { fc e { 1 , . . . , /1q } 1 2^ £ 
(0,7r]}. 

Two points u and v on the arc C are in the same fiber before the move if and 
only if they are symmetric with respect to the y axis, and the angle formed by 
u, a, V is less than tt and is equal ^^ for some fc G {1, . . . , /la} (see Figure [26| ). We 
denote the set of such numbers k by N2{a) = {fc g {1, . . . ,/ia}|^^ G (Oj"")}- 

The projection of this move for the orientation of L' drawn in Figure Bq is shown 
in Figure ^. 
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a) 




b) 




Figure 26. 





Figure 27. 



Split the wave front in Figure p^ at the double point v (appearing after the move) 
that corresponds to some k G A^i (a) . Then A^ is a front with two positive cusps that 
rotates k times around a in the clockwise direction. Hence [A~] = f fa'^ = fa"^'^- 
We know that [A+][A-] = [A]/ and that f^- = f. Thus [A+] = [A]/^ 

In the same way we verify that if we split the front at the double point v (existing 
before the move) that corresponds to some k G N2{a), then [A+] = /^ and [A^] — 

Now making sums over all corresponding numbers k G {1, . . . , /ia} we get that 
under this move 5'(A) changes by 

Rl= T. Wa-ft^")- E ifa-mt-")- (39) 

keNi{a) keN2(a) 

A straightforward verification shows that R\ — R\- (Note that the sets iVi (a) and 
N2{a) are different from Ni{a) and N2{a).) 

Recall that i?^ = e J. Thus S{\) is invariant under the move. 

For the other choice of the orientation of C the value of S{X) changes by R^ = 

OS J. 

Hence S{X) is invariant under all elementary isotopies, and we have proved The- 
orem 3.2.1. n 
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